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Abstract 

 
 It is obvious that many problems in Engineering and Science are converted to integral equations. 

Therefore, the principles of modeling various phenomena in engineering are based on integral equations.  

The objective of this study is to implement the Reproducing Kernel Hilbert Space Method on five new 

examples of the integral equation in order to obtain convergence as well as show the stability of the issues 

raised for the development of Abel's integral equations. Therefore, the stability of methods is investigated 

by adding perturbation in the equation. In this study, the errors of the desired problems have been obtained 

and compared. The graphs of the errors and the graphs of the exact solution versus the numerical solution 

are shown in the figure. 
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1. Introduction 

Integral equations are considered an interesting and practical subject that is used in many 

Physical and Engineering phenomena such as electrostatics, Optimization, Biomechanics, 

Mechanics, Electrodynamics, Game Theory, Electrical Engineering, Heat Transfer, and 

Fluid dynamics. Furthermore, it is also used for modeling various problems which usually 

cannot be analyzed. Therefore, we need numerical methods to obtain the approximation 

of the solution with high accuracy and check the errors. One of the powerful methods 

with high accuracy is the method of Iterative Reproducing Kernel Hilbert Space Method.  

A new approach of this method for the approximate solution of nonlinear integral 

equations of the second type is proposed in (Javan et. al. 2017). For the convergence of 

the proposed method and the efficiency of the method, four examples caused by 

electromagnetics using the given algorithm have been compared as approximate solutions 

and their errors. An important type of equation is called Abel's integral equation. This 

equation was later extensively developed and divided into the Fredholm and Volterra 

equations. This equation exists in many fields of engineering sciences, mathematical 

modeling, astrophysics, seismology, and solid mechanics and widely in other applied 

sciences. Researchers have investigated the mentioned equation in various numerical 

methods. To solve Abel's fractional generalized integral equation using the Lager 

polynomial, a new method has been presented by researchers in (Singha and Nahak 2019). 

Singha and Nahak (2019), have used Chebyshev polynomial to reduce errors. A 

combination of Taylor's series and the reproducing Kernel Hilbert Space method has been 

used to solve Abel's integral equations numerically, and the absolute errors in two spaces 

have been investigated with examples.  

According to Mondal and Mandal (2018), for the numerical solution of Abel's singular 

integral equation, the fractional differential transformation method is used and the 

reliability and efficiency of the method are presented with many examples. The homotopy 

perturbation transformation method has been used to solve Abel's integral equation, and 

analytical and approximate solutions of linear and nonlinear problems that appear in 

Engineering Sciences have been implemented by researchers (Kumar et al. 2015). In 

addition, for Abel's integral equation, the theorem of existence and smoothness is 

presented in (Atkinson 1974). Furthermore, an approximate method based on the 

collocation method for solving generalized Abel integral equations is presented and the 

convergence analysis of the method is also studied (Pandey et al. 2016). Moreover, two 

quadratic and cubic approximation methods are presented for solving Abel's integral 

equations using Caputo and Riemann-Liouville fractional derivatives and error 

convergence is obtained for the mentioned methods. Researchers have also compared the 

numerical simulations with experimental examples and numerical results for approximate 

designs (Kumar et al. 2019). The coupled system of Abel's integral equations of the 

second type with two-dimensional non-smooth solutions has been calculated by the 

authors in (Abdelkawy and Ameen 2019), where two-dimensional systems based on 

spectral discretization have been developed. An algorithm using the generative 

Reproducing Kernel Hilbert Space method for solving Fredholm's integral equations has 

been proposed and studied in two absolute error spaces (Alvandi and Paripour 2018). 
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Recently, integral equations have been studied by many authors in order to solve the 

integral equations of the second type from the homotope perturbation method, 

approximate and exact solutions are provided using the Laplace transform (Thota 2022). 

Lagrange's barycentric interpolation method for solving Volterra integral equations of the 

second type is presented by researchers in (Shoukralla et al. 2022). Recent developments 

show that the Reproducing Kernel Hilbert Space method is a powerful and stable 

numerical method for solving various integral equation problems that have been 

significantly used by researchers (Abdollahi and Abbasbandy 2022; Mehr 2023).  

In a study conducted by (Mehr 2023), Abel's integral equation was examined and tested 

using the numerical method of Reproducing Kernel Hilbert Space while this paper 

intended to implement a scheme using this method on five new numerical examples, and 

Absolute errors, relative error and root mean square error of integral equations are 

obtained and compared. 

The problems presented in this research are the numerical solutions. These solutions are 

very useful for the development and expansion of integral equations. It is because of the 

acceptable numerical results with negligible error, that very accurate and convergent 

solutions with accurate answers have been provided.  

 

2. An Overview of Reproducing Kernel Space Method  
The Reproducing Kernel Space method is a suitable numerical method for the numerical 

solutions of integral equations because this method has high computational accuracy. 

Therefore, it has been widely applied by researchers for various science issues. The 

original idea of this method was first developed by a PhD student named Minggen Cui 

studying at the Harbin Institute of Technology in the 1980s (Javan et. al. 2017 & Cui and 

Lin 2009). The theoretical foundations of the mentioned method are discussed below.  

The Reproducing Kernel Space in the space  1

2 ,W a b , which is the  

Reproducing Kernel of  yR x , thus,  

 
1 , ,

1 , ,
y

a x x y
R x

a y x y

  
 

  
                                 (2.1) 

Now we examine Abel's integral equation as follows: 

 

      ,u x f x Gu x                                         (2.2) 

So that, 

 
 

0
,

x u t
Gu x dt

x t



                                              (2.3) 

Then solve (2.2) in the Reproducing Kernel Space  1

2 ,W a b  assuming that

   
ii xx R x  , so  

1i i
x




 is dense in the interval  ,a b . Can write:  

     1
2

, i iW
u x x u x     .                                 (2.4) 
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Theorem 2.1.  If  
1i i

x



 is dense in the interval  ,a b , then   

1i i
x




 is a complete 

functional system of  1

2 ,W a b (Cui and Lin 2009). 

Proof. Given that  
1i i

x



 is dense in the interval  ,a b . For 

   1

2 ,u x W a b , if        1
2

, 0 1,2,...i iW
u x x u x i    . 

As a result, we have the density of  
1i i

x



 and the continuity of  u x  

  0u x  . 

 

Definition 2.2. We introduce the Gram-Schmidt orthogonality for   
1i i

x



 as follows 

(Javan et. al. 2017). 

   
1

i

i ik k

k

x x  


 . 

So that ik is the Gram-Schmidt orthogonalization coefficients and 

  
1

i
i

x



 

Is the normal orthogonal base in  1

2 ,W a b space. 

Theorem 2.3. If  
1i i

x



 is dense in the interval  ,a b (Cui and Lin 2009). If equation 

(2.2) has a unique solution, then its solution applies to the following equation.  

        
1 1

i

iik k k

i k

u x f x Gu x x 


 

        (2.5) 

Proof. Suppose the answer is equation (2.2). From Theorem 2.1, we know that  u x  is 

a Fourier series expansion, we have that. 

             

       

      

11
22

1
2

1 1 1

1 1

1 1

, , ,

, ,

.

W

i

i i iik k WW
i i k

i

iik k

i k

i

iik k k

i k

u x u x x x u x x x

f x Gu x x x

f x Gu x x

    

  

 

 

  



 



 

 

 

 

 





 

For more information about the Reproducing Kernel Space method refer to (Mehr 2023; 

Cui and Lin 2009).  

  

3. Implementations of the Method 

Here is the method of solving (2.5) from (2.2) which is reproduced in a kernel space. We 

rewrite equation (2.5) as below (Cui and Lin 2009; Mehr 2023). 
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   
1

ii

i

u x A x




 .                                           (3.1) 

So that 

    
1

.
i

i ik k k

k

A f x Gu x


                              (3.2) 

Actually iA is unknown. iA  Is obtained by known iB . For numerical calculation, suppose 

the initial function is    1u x f x  and the n-term approximation to  u x as defined 

below, 

   1

1

,
n

in i

i

u x B x



                                     (3.3) 

So that,  

    

   

    

     

    

   

1 11 1 1 1

12 1

2

2 2 2

1

1 23 1 2

1

1

1

,

,

,

,

...

,

.

k k k

k

n

n nk n k k

k

n

kn k

k

B Gu x f x

u x B x

B Gu x f x

u x B x B x

B Gu x f x

u x B x







 













 



 

 

 









         (3.4) 

In this research, for the effectiveness and accuracy of the numerical method of 

Reproducing Kernel Hilbert Space, we consider five examples to develop the solution of 

integral equations. Where 

       1

20,1 , , 0,1x u x f x W  .  

Our goal is to solve the integral equation and get its errors. Here we use the following 

three criteria to measure the errors and achieve the efficiency, accuracy, and convergence 

of the numerical method: 

       Absolute error exact appu u        (3.5) 

                Relativeerror exact app exactu u u              (3.6) 

   
2

1

1
RMS error exact app

N

i i

i

u u
N 

          (3.7) 

Where N is the number of grid points and    exact , appu u shows the exact solution and 

approximate solution in absolute error, relative error, and root mean square error, 
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respectively. In the following, various examples have been calculated using Mathematica 

11.3 with a computer that has a CPU capacity (1.73 GHz) and processor (Intel(R) Core 

(TM) i7). 

Remark 1. To show the stability of the proposed methods, we apply a perturbation of 

size 310   to the right side of the equation. 

 

4. Numerical results 

Example 4.1: Consider a nonlinear Abel integral equation with the exact solution

  21

1000
u x x . 

 
 2

2 2

2 20

1 3
1 , 0 1.

1000 16000

x u t
u x x x dt x

x t

 
     

  
  

We choose 20N  points and using part 3 we get an approximate solution to the problem. 

In this example, the absolute, relative, root mean square errors and the approximate 

solution of the equation are reported in Table 1, and their error plots are compared in 

Figure 3. The exact solution and numerical solution of  u x  function is presented in 

Figure 1. 
Table 1. Comparison of error convergence accuracy for example 4.1 

 Node True solution   Approximate solution Absolute error Relative error RMS error

0.1 0.00001 0.00001 1.96353E-11 1.96353E-6 5.92025E-12

0.2 0.00004 0.0000400001 8.044E-11 2.011E-6 2.42536E-11

0.3 0.00009 0.0

u x

000900002 1.88378E-10 2.09309E-6 5.67980E-11

0.4 0.00016 0.00016 3.44515E-10 2.15322E-6 1.03875E-10

0.5 0.00025 0.000250001 5.49454E-10 2.19782E-6 1.65667E-10

0.6 0.00036 0.000360001 8.03614E-10 2.23226E-6 2.42299E-10

0.7 0.00049 0.000490001 1.10731E-9 2.25982E-6 3.33868E-10

0.8 0.00064 0.000640001 1.46083E-9 2.28255E-6 4.40456E-10

0.9 0.00081 0.000810002 1.86436E-9 2.30168E-6 5.62127E-10

 

 

 
Fig. 1. The exact and numerical solutions curves for example 4.1, the continuous blue line is the exact 

solution, and the dashed red line is the numerical solution. 

 

 

 

 



93 

Example 4.2:  Consider the flowing Abel integral equation as 

 
 

 

 
2

3 2 2 240

3 4 2
, 0 1.

10050

xx u t
u x x dt x

x t


    


  

With the exact solution  u x x . We choose 20N  points. 

The absolute, relative, and root mean square errors and the approximate solution of the 

equation are reported in Table 2, and their error plots are compared in Figure 3. The exact 

solution and numerical solution of  u x  function is  

presented in Figure 2. 

 
Table 2. Comparison of error convergence accuracy for example 4.2

 Node True solution   Approximate solution Absolute error Relative error RMS error

 0.1 0.31623 0.31611 1.1509E-4 3.63959E-4 3.47021E-5

 0.2 0.44721 0.44713 8.3175E-5 1.85986E-4 2.50783E-5

 0.3 0.54772 0.54765

u x

  6.9397E-5 1.26701E-4 2.09240E-5

 0.4 0.63246 0.63240 6.0965E-5 9.63941E-5 1.83816E-5

 0.5 0.70711 0.70705 5.5090E-5 7.79086E-5 1.66102E-5

 0.6 0.77460 0.77455 5.0684E-5 6.54324E-5 1.52817E-5

 0.7 0.83666  0

 

.83661 4.7217E-5 5.64352E-5 1.42365E-5

 0.8 0.89443  0.89438 4.4395E-5 4.96350E-5 1.33856E-5

 0.9 0.94868      0.94864 4.2038E-5 4.43120E-4 1.26750E-5

 

 
 

Fig. 2. The exact and numerical solutions curves for example 4.2, continuous blue line is the exact 

solution and dashed red line numerical solution. 

 
Table 3. Comparison of error convergence accuracy for example 4.3 

 Node True solution   Approximate solution Absolute error Relative error RMS error

0.1 0.0031623 0.0031617 5.40683E-7 1.70979E-4 1.63022E-7

0.2 0.0044721 0.0044717 4.42623E-7 9.89734E-5  1.33456E-7

0.3 0.0054

u x

772 0.0054768 3.92849E-7 7.17240E-5 1.18448E-7

0.4 0.0063246 0.0063242 3.59913E-7 5.69072E-5 1.08518E-7

0.5 0.0070711 0.0070707 3.35783E-7 4.74868E-5 1.01242E-7

0.6 0.0077460 0.0077457 3.17014E-7 4.09263E-5 9.55833E-8

0.7 0.0083666 0.0083663 3.01821E-7 3.60746E-5 9.10026E-8

0.8 0.0089443 0.0089430 2.89167E-7 3.23298E-5 8.71870E-8

0.9 0.0094868 0.0094866 2.78396E-7 2.93455E-5 8.39394E-8

 

  



94 

 
             

(a) Example 1.                   (d) Example 2. 

    

 
(b) Example 1.                        (e) Example 2. 

        

 
(c) Example 1.                                            (f) Example 2. 

 

Fig. 3. Figures (a), (b), (c) Error graphs for example 1, Figures (d), (e), (f) Error Graphs for example 2. 

                                                                

Example 4.3:  Consider the nonlinear Abel integral equation with the exact solution

 
1

100
u x x .  

 
 

 

 2

8 4 40

7 81
1 , 0 1.

100 400 11 8

xx u t
u x x dt x

x t

 
     

   
  

Here we choose 21N   points for solving Abel's integral equation. 

The absolute, relative, and root mean square errors and the approximate solution of the 

equation are reported in Table 3, and the error graph is shown in Figure 6. The exact 

solution and numerical solution of  u x  function is presented in Figure 4. 



95 

 
Fig. 4. The exact and numerical solutions curves for example 4.3, the continuous blue line is the exact 

solution, and the dashed red line is the numerical solution. 

 

Example 4.4:  Let us consider the following Abel integral equation,  

With the exact solution .   2

10

1

10
u x x   

 
 2

10 2 20

1 1
1 , 0 1.

10 4

x u t
u x x dt x

x t





 
      

 
  

The absolute, relative, and root mean square errors and the approximate solution of the 

equation are reported in Table 4, and the error graph is shown in Figure 6. The exact 

solution and numerical solution of  u x  function is presented in Figure 5. 

 
Table 4. Comparison of error convergence accuracy for example 4.4 

 Node True solution   Approximate solution Absolute error Relative error RMS error

0.1 1.E-12 1.27507E-12 2.75072E-13 0.275072 8.29373E-14

0.2 4.E-12  4.36521E-12  3.65211E-13  0.091303 1.10115E-13

0.3 9.E-12    

u x

 9.41464E-12 4.14638E-13 0.046071 1.25018E-13

0.4 1.6E-11    1.64475E-11 4.47474E-13 0.027967 1.34919E-13

0.5 2.5E-11 2.54714E-11  4.71372E-13 0.018855 1.42124E-13

0.6 3.6E-11   3.64897E-11 4.89677E-13 0.013602 1.47643E-13

0.7 4.9E-11         4.95041E-11 5.04138E-13  0.010289 1.52003E-13

0.8 6.4E-11          6.45158E-11 5.1578E-13 0.008059 1.55513E-13

0.9 8.1E-11      8.15252E-11  5.25247E-13 0.006485 1.58368E-13

 

 

 

 
Fig. 5. The exact and numerical solutions curves for example 4.4, the continuous blue line is the exact 

solution, and the dashed red line is the numerical solution. 
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Table 5. Comparison of error convergence accuracy for example 4.5 

 Node True solution   Approximate solution Absolute error Relative error RMS error

0.1 0.00995  0.00995 3.79888E-6 3.81795E-4 1.14540E-6

0.2 0.03920 0.03918 1.98969E-5 5.07539E-4 5.99914E-6

0.3 0.08598  0.08593 

u x

4.97087E-5 5.78141E-4 1.49877E-5

0.4 0.14737 0.14729 8.50952E-5 5.77426E-4 2.56572E-5

0.5 0.21910 0.21929 1.10307E-4 5.02777E-4 3.32589E-5

0.6 0.29712 0.29874 1.62155E-3 5.45753E-3 4.88915E-4

0.7 0.37477 0.37457 2.02619E-4 5.40644E-4 6.10918E-5

0.8 0.44589  0.44946 3.57187E-3 8.01061E-3 1.07696E-3

0.9 0.50350 0.50322 2.79768E-4 5.55642E-4 8.43532E-5

 

 

 
(a) Example 3.                                  (d) Example 4. 

 
(b) Example 3.                             (e) Example 4. 

 
(c) Example 3.                                   (f) Example 4. 

 
Fig. 6. Figures (a), (b), (c) Error graphs for example 3, Figures (d), (e), (f) Error Graphs for example 4. 

                                               

Example 4.5:  Consider the nonlinear following Abel integral equation with the exact 

solution    2 cosu x x x .  
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       

 

 

23 10
2 2

223 10

5 2 20

23
cos 4 5 5 3 4 BesslJ , 2

80 10

33 15
6 BesslJ , 2 , 0 1.

10 23 10

x

x
u x x x x x

u tx
x x dt x

x t

   
     

 

 
        



 

Absolute, relative, root mean square errors and approximate solutions of the equation are 

presented in Table 5. The error plots are shown in Figure 8 and the plots of the exact 

solution and numerical solution of the  u x function is presented in Figure 7. 

 
Fig. 7. The exact and numerical solutions curves for example 4.5, the continuous blue line is the exact solution, 

and the dashed red line is the numerical solution. 

 
(a) Example 5.                            (b) Example 5. 

 

 
(c) Example 5. 

 
Fig. 8. Figures (a), (b), (c) Error graphs for example 5. 
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5. Discussion 

In Figure 3, graphs (a), (b), (c) of example 2 and graph (b) of example 1 are convergent. 

In addition, in graphs (a), and (c) of example 1, the errors are reduced, but they are not 

convergent. From the comparison of errors and convergence accuracy in Table 1, it can 

be concluded that the mean square error has been reduced enough and the convergence 

accuracy of relative errors is better than RMS and absolute error. As you can see in Figure 

1, the exact solution converges to the approximate solution. From the study results of 

Table 2, it can be seen that the convergence accuracy of RMS error is better than relative 

and absolute error. In Figure 2, Example 1, the comparison of the exact solution and the 

approximate solution, also shown in Table 1, converges with a very small error. Which 

shows the correctness of the problems and the correctness of the numerical method. In 

Figure 6, graphs (a), (b), (c) for example 3, and graph (e) for example 4 are convergent,  

But figures (d), and (f) of example 4 have sufficiently reduced the error but converge is 

not because the graph increases upwards. From the results of Table 4, it can be seen that 

only the absolute error converges and the relative and RMS errors decrease. From Figures 

1, 5, and 7, it can be pointed out that the graph of the exact solution and the graph of the 

approximate solution of the problems are the same, so it shows the correctness of the 

problems and the accuracy of the method. The results of Table 5 show that its relative 

error is better and absolute error and RMS error are not convergent. Therefore, in order 

to achieve the convergence of the subjects and the development of the desired subjects 

according to the needs of society in the future, we need a revised planning. 

6. Conclusion 

In this article, the Reproducing Kernel Hilbert Space method is used to solve the integral 

equation of Abel's type. The absolute error, relative error, root mean square error, 

accuracy, and convergence of the integral equation are obtained and shown in the tables. 

The error graph is also compared. To prove the stability of the method, we added a 

perturbation to the given problem and obtained acceptable numerical results. These 

numerical experiments show that the proposed method is stable for solving the new 

problem. In this research, we found that using the Reproducing Kernel Hilbert Space 

method is very useful and practical for solving integral equations. Because despite the 

addition of perturbation, the numerical solutions still converge to the exact solution. In 

the future, we would like to research a new scheme of combining Reproducing Kernel 

Hilbert Space methods and differential quadrature methods to solve integral equations 

using fractional derivatives. 
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